Emergence of Quantum Correlations from Non-Locality Swapping 
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By studying generalized non- signalling theories, the hope is to find out what makes quantum mechanics 
so special. In the present paper, we revisit the paradigmatic model of non- signalling boxes and introduce the 
concept of a genuine box. This will allow us to present the first generalized non- signalling model featuring 
quantum-like dynamics. In particular, we present the coupler, a device enabling non-locality swapping, the ana- 
logue of quantum entanglement swapping, as well as teleportation. Remarkably, part of the boundary between 
quantum and post-quantum correlations emerges in our study. 



Quantum correlations cannot be ascribed to a local the- 
ory IH], as confirmed by all experiments performed to date 
i^. However, Quantum Mechanics (QM) predicts an upper 
bound on the non-locality of allowed correlations, as shown 
by Tsirelson ^ . In trying to understand this bound Popescu 
and Rohrlich |4| asked whether it was a direct consequence of 
relativity - whether correlations more non-local would lead to 
signalling - and surprisingly found this not to be the case. 

This discovery prompted the study of general models, con- 
taining more non-locality than QM, but still respecting the 
no-signaling principle ||5|]. The ultimate goal of this line of 
research is to find out what is special about QM; what dis- 
tinguishes it from other non- signaling theories. Among the 
fundamental questions is the following: What physical princi- 
ple limits quantum non-locality? This is still unknown today, 
but there is no doubt that answering this question will bring 
deeper understanding of the foundations of QM, as well as 
further developments in quantum information science. 

Studying the information theoretic properties of general- 
ized non- signaling models has already provided insight to 
these questions |H S & 120 • On the one hand, many aston- 
ishing features of QM, such as no-cloning, no broadcasting 
and monogamy of correlations, have been shown to be gen- 
eral properties of any non- signaling model lin . Hence 
these properties do not indicate any separation between QM 
and post-quantum theories. On the other hand, van Dam lll2n 
and Brassard et a/. [13] showed that particular classes of post- 
quantum models allow for a dramatic increase of communi- 
cation power compared to QM. Moreover, Linden et al. 
showed that the same post-quantum theories allow for non- 
local computation while QM does not, here providing a tight 
separation between QM and post-quantum models. 

More importantly however, there is one crucial aspect of 
QM that generalized models have failed to reproduce until 
now, namely its dynamics; in particular, the ability to perform 
joint measurements on two systems, which is the key ingre- 
dient for fascinating quantum processes such as teleportation 
fisll and entanglement swapping [16]. In fact. Short et al. fivll 
and Barrett ^ showed that there are no joint measurements in 
theories constrained only by no- signaling, thus suggesting the 
existence of another fundamental principle inherent to QM, 
that generalized models fail to capture. 



Here we take a new conceptual perspective on general- 
ized non- signalling models, which allows us to implement 
joint measurements. We revisit the paradigmatic model of 
Popescu-Rohrlich (PR) boxes and introduce the concept 
of a genuine box. This allows us to present a model featur- 
ing rich dynamics, such as non-locality swapping, the ana- 
logue of quantum entanglement swapping, and teleportation. 
Joint measurements are implemented using an imaginary de- 
vice called a coupler. Finally, and probably most surprisingly, 
we show that the set of quantum correlations partially emerges 
in our model. 

Genuine boxes. As we shall work with generalized non- 
signaling theories, the quantum formalism is no longer rele- 
vant; here bipartite states are not given by vectors in a Hilbert 
space but by bipartite joint probability distributions; i.e. prob- 
abilities of a pair of results (outputs) given a pair of measure- 
ments (inputs). In other words, quantum correlations will be 
replaced by more general "boxes" (i.e. input-output devices). 

Here we shall focus on the simplest possible scenario, 
namely the case of two possible measurements for each party 
(inputs x^y G {0,1}); each measurement providing a binary 
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FIG. 1 : The set of allowed states is restricted to (i) the local poly- 
tope C and (ii) the PR box. The other PR boxes are discarded since 
they are not genuine, and should therefore not be considered for non- 
locality swapping. The left axis is the CH value. Local states satisfy 
< CH • P*^ < 1, the CH Bell inequality The coupler (right axis) 
is a re- scaling of the CH value (see text). Note that the poly tope is 
8-dimensional; the figure is a 2-dimensional illustration. 



FIG. 2: Genuine boxes, (a) A 'quantum' black-box contains a quantum state and measurement devices (polarizers, detectors). The orientation 
of the polarizers depends on the input values x, y. The genuine part of the box is the quantum state; before performing a joint measurement, 
one must remove the measurement devices, (b) A non-genuine PR box contains the genuine PR box and classical circuitry. Importantly, upon 
applying the coupler, one should first open the box, remove the circuitry, and connect the coupler directly to the genuine PR box. 



result (outputs a, 6 G {0,1}). It is very insightful to think of 
such a scenario in geometrical terms 111 811 . In this approach, 
a box is viewed as a vector in a space of boxes; the vector's 
components are the joint probabilities characterizing the box. 

The set of boxes that can be obtained from local means only 
forms a poly tope. This local poly tope is itself embedded in a 
larger polytope, the non- signalling polytope, which contains 
all boxes compatible with the non- signalling principle [5]. It 
has 8 non-local vertices, which are all symmetries of the PR 
box. The set of boxes attainable by QM also form a convex 
body, though not a polytope. The quantum set is strictly larger 
than the local polytope - quantum correlations can be non- 
local - but strictly smaller than the non- signalling polytope - 
quantum non-locality is bounded by Tsirelson's bound. 

Here we will voluntarily restrict the set of allowed boxes, 
by discarding certain non- signaling boxes. More precisely, we 
consider the entire local polytope, given by its 16 vertices, the 
deterministic boxes 



1 if a = ax ^ f3 ^ b = ^ S 
otherwise 



(1) 



parameterized by a, /3, 7, (5 G {0,1}. To this we add a single 
non-local vertex, the PR box: 



if a® b = xy 
otherwise 



(2) 



where is addition modulo 2. The resulting set of boxes 
forms a polytope (see Fig. 1). The non-locality of a given box 
is characterized by the Clauser-Horne (CH) value [19]. Since 
boxes are considered as vectors, it is convenient to denote 
the CH value of a box as a scalar product CH • P{ab\xy) = 
P(11|00) + P(00|10) + P(00|01) - P(00|11). 

The fact that we consider only a single PR box turns out to 
be a crucial aspect of our model. However, one may wonder 
why the other seven symmetries of the PR box are not taken 
into account. Below we argue that these restrictions have in 
fact a deep significance, and force us to re-examine the con- 
ceptual foundations of this entire line of research. Actually, 
revisiting the model will turn out to be highly rewarding, since 
it will provide it with rich dynamics, a feature proven to be 
impossible when all non- signalling states are considered on 
an equal footing flllTlB. 

Let us first re-examine the standard "black box" approach 
to quantum correlations, where they are stripped back to their 



purest form; measurement choices and outcomes are both re- 
duced to single bits of information 112 ill . It is instructive to 
think about how such a setup would in reality be produced. 

The black box consists of a quantum system and measur- 
ing devices (see Fig. 2a). For the case of two polarized 
photons, we would require one polarizer on each side of the 
box, with two possible orientations, and detectors recording 
the measurement outcome and outputting the corresponding 
bit. Here, the quantum state is the genuine part of the box, 
i.e. the non-local resource; the measurement is then a pro- 
cessing. Indeed, by changing the orientation of the polarizers 
one can produce many different black-boxes starting from the 
same initial quantum state, but they are clearly not genuinely 
different. Moreover, it is also possible to produce the same 
black-box by using two different quantum states, subjected to 
appropriate measurements. 

In the case of the PR box there are clearly no quantum states 
and polarizers in the box, and so it is more delicate to separate 
what is genuine in the box from what is not. Note that as 
long as we do not need to look inside the box, as is the case 
in most of the scenarios considered so far, we need make no 
distinction between genuine and non-genuine. 

However, when dynamics are introduced in the model, 
things change. Let us first think of how a joint measurement 
would be implemented in the quantum case; importantly it 
is performed on quantum particles, and not on measurement 
outcomes. Thus, one should first open the box, remove the po- 
larizers, and then perform the joint measurement on the two 
particles; i.e. it must be performed on the genuine part of the 
box, that is on the quantum state and not on the box itself. 
Clearly, now it is important what the actual quantum state is: 
two boxes that appeared to be the same while containing dif- 
ferent states and polarizers, may now behave differently. 

We argue that for PR boxes, the situation is fully analogous. 
All 8 PR boxes are not genuinely different, since they can be 
generated from the single PR box Q by adding classical cir- 
cuitry (see Fig. 2b). In order to perform a joint measurement, 
it is crucial to apply the coupler to the genuine part of the box, 
i.e. to the genuine PR box; all circuitrymust be removed. 

In the light of the results of Ref Jsl ll7|] and of our own 
results, we argue that the concept of genuine boxes is not a 
particularity of the quantum case, but is in fact general to non- 
signaling models. When all 8 PR boxes are put on an equal 
footing, i.e. as all being genuine, then interesting dynamics 
are forbidden Here we choose the simplest and most 

natural possibility: we consider as genuine all local determin- 
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FIG. 3: (a) Entanglement swapping and (b) Non-locality swapping. 
The coupler is the analogue of the quantum joint measurement. 

istic states ([B and we add one single PR box ([2|. This choice 
will allow for rich dynamics, as we show below. Importantly, 
our model does not restrict the set of valid probability distribu- 
tions (circuitry is allowed); we only restrict the set of genuine 
boxes, on which the coupler must be consistently defined. 

Coupler for non-locality swapping. Let us start by briefly 
reviewing the quantum protocol of entanglement swapping 
An observer. Bob, shares a maximally entangled state 
with both Alice and Charlie, two distant observers. Initially, 
the global state of the system is \'^~) aBi\^~) b^c^ where 
|?/^~) is the singlet state. The core of the protocol is the abil- 
ity of Bob to perform a joint measurement of his two par- 
ticles (Bi^B2). The simplest form of such a measurement 
is the projection onto the symmetric and antisymmetric sub- 
spaces of two qubits, i.e. M = {|?/^~)(?/^~ |, 1 — \jp~){ilj~\}. 
When the protocol is successful (Bob's particles are projected 
onto the global state undergoes the transformation 

\^~)abM~)b2C \^~)b,B2\^~)ac'^ entanglement has 
been swapped between ABi and B2C to B1B2 and AC. Im- 
portantly, it is not until the announcement of Bob's successful 
joint measurement that Alice and Charlie learn which state 
they hold and whether they share any non-local correlations. 

It is straightforward to extend the scenario of entanglement 
swapping to our generalized model. Instead of entangled 
quantum states. Bob shares now a non-local box with both 
Alice and Charlie. To implement non-locality swapping one 
must first define the coupler, the analogue of a quantum joint 
measurement (see Fig. 3). When applied on Bob's two boxes, 
the coupler encompasses the inputs and outputs and returns 
a single bit b\ i.e. implementing the linear transformation 
P{abi\xyi)P{b2c\y2z) ^ P{ab'c\xz) E^. 

Now let us define the action of the coupler on two PR boxes: 

P^^{abi\xyi)P^^{b2c\y2z) ^ P{ab'c\xz) 

_ { qP^^{ac\xz) if 6^ = 

~ I (1 - q)P\ac\xz) lib' = 1 

With probability q = P{b' = 0) Bob succeeds in swapping 
a PR box to Alice and Charlie. With probability 1 — q = 
P{b' = 1) the protocol fails, and Alice and Charlie share the 
failure box P^. Importantly, relativity imposes that Bob could 
not signal by applying the coupler. Therefore the (reduced) 
box of Alice and Charlie must be independent of whether Bob 



applied the coupler or not, i.e. 

P{ac\xz) = P{abi\xyi)P{b2c\y2z) = YP{ab'c\xz) .(4) 

61,62 b' 

In case Bob shares a PR box with both Alice and Charlie, 
one has that P{ac\xz) = t{ac\xz) = | V a,c, the 
fully mixed state. The requirement that P^ is an allowed 
box imposes a limit on the probability of success; here we 
make the optimal choice ^ = |. Thus we have P^{ac\xz) = 

f {t{ac\xz) - lP^^{ac\xz)) and CH • pf = 0. 

Next it must be checked that the coupler acts consistently 
when applied directly to any allowed box; not only when it 
is applied between two boxes. For example, the output proba- 
bilities must be positive when the coupler is connected to both 
ends of a single PR box. Here we just sketch the argument; 
the full proof can be be found in Appendix A. The proof is 
based on the following observation: if Bob, after applying the 
coupler, learns from Alice and Charlie their respective inputs 
and outputs, he should get the same result as if he learned Al- 
ice's and Charlie's inputs and outputs first and then applied the 
coupler. We find that the coupler outputs b' = with a proba- 
bility proportional to the CH value of the box it is applied to, 
i.e. 

P{b' = 0\P{ab\xy)) = fCH • P{ab\xy) . (5) 

The constant of proportionality is here crucial, since it ensures 
that the coupler outputs with a valid probability when applied 
to any allowed box (see Fig. 1). Notably, upon applying the 
coupler directly to a PR box, one always obtains the outcome 
b' = 0. This is exactly what happens in the quantum case: 
when Bob holds a singlet and performs a joint measurement, 
he always projects onto |^~). 

Note that the inconsistency of the potential coupler pre- 
sented in Ref . fivll becomes now clear, since it output with a 
probability equal to the CH value; thus, when applied onto the 
PR box, it output with a non- valid probability of | . Along the 
same line, it is also clear why our coupler runs into inconsis- 
tencies if we try to reintroduce disallowed (non-genuine) PR 
boxes; for instance the anti-PR box (given by a 6 1 = xy) 
would lead to negative probabilities. 

Finally to be consistent, the coupler must take any two gen- 
uine boxes to a genuine box. It is straightforward to check that 
this is the case, by applying the coupler to all pairs of vertices. 

Emergence of quantum correlations. The coupler enables 
perfect swapping of two PR boxes; this means that the fi- 
nal state of Alice and Charlie, which is a PR box, is as 
non-local as the initial states shared by Alice-Bob and Bob- 
Charlie. Now a natural question to ask is whether Bob, by 
applying the coupler, can also swap non-locality starting from 
imperfect boxes. Here we consider a natural section of the 
polytope, which includes PR, PR2 (another PR box given by 
a ®b = xy ® x)), and the identity 1. Thus we have noisy 
boxes of the form 
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FIG. 4: In a whole section of the polytope, the boxes useless for non- 
locality swapping correspond exactly to the set of quantum boxes Q 
(red region), characterized by the TLM criteria; for isotropic boxes 
(dashed line), this corresponds to Tsirelson's bound (cross) Bq = 
+ ^ , the quantum bound of the CH inequality. 



pPR 



(6) 



with ^ + 7 < 1. Note that these boxes are genuine as long 
as 7 < ^ [ 251 . Of particular interest are isotropic boxes P|q, 
that lie on the line joining the PR box and the identity. One 
finds that CH • + i 

Using the linearity of the coupler one can check that when 
Bob succeeds in swapping non-locality (i.e. he gets = 0) 
starting from two P|^ boxes, the final state of Alice and Char- 
lie has CH value CH • P{ac\xz) = + 7^ + |. Thus, the 
coupler enables perfect swapping only for noiseless PR boxes; 
two noisy boxes can only be swapped to an even noisier box. 
Remarkably, non-locality can be swapped using two boxes 



if and only if P^^ is post-quantum; that is iff P^^ vi 



pPR 

^'^ 

olates the Tsirelson-Landau-Masanes (TLM) inequality 122 
23l|24|], a necessary and (here) sufficient condition for a box 



to be quantum. Thus, when the two initial boxes P|^ are 



noisy enough to have been produced quantum mechanically, 
the resulting box shared by Alice and Charlie is so noisy as to 
become local. For isotropic boxes, this condition reduces to 
CH • Pj^ > Bq = ^ + -i=, where Bq is the Tsirelson bound 
of the CH inequality. 

Proof. Boxes P^^ useless for non-locality swapping, i.e. 

leading to CH ■P{ac\xz) < 1 , are characterized by the relation 

e+i'<l- (7) 

The TLM criteria is written here in the form of Laudau ||24|] 



1^00^01 -^10^11 1 < a/(1-^o'o)(1-^oi) 



^(l-E?o)(l-^?i) 



(8) 



where Exy = P{a = b\xy) — P{a ^ b\xy) is the correlator 
associated to the pair of measurements y. For noisy states 
P|^, the four correlators are given by Eqq = Eqi = ^ + 7 and 
Eio = —Ell = ^ — J. Inserting these last expressions in ([8]), 
we get exactly the relation ©, which completes the proof. 

Let us point out however that not the entire quantum versus 
post-quantum boundary emerges in this way: on other sec- 
tions of the polytope the coupler ceases to swap non-locality 
before reaching the quantum bound. 



Conclusion and Perspectives. In summary, we revisited the 
post-quantum model of PR boxes, introducing the concept of 
genuine boxes. This allowed us to to consider a restricted 
space of non- signalling boxes; this space features much richer 
dynamics than the full non-signaling space. We presented the 
coupler, a device enabling non-locality swapping. The coupler 
also implements teleportation (see Appendix B). Even more 
surprisingly, quantum correlations partially emerged from the 
coupler. Though we do not understand its full significance at 
this stage, we believe this intimate connection is tantalizing, 
since it links a dynamical process in a natural non- signalling 
model directly to QM. In the future we plan to investigate fur- 
ther on this link, and look for a fundamental principle poten- 
tially underlying it. Studying other information theoretic tasks 
from the new perspective of genuine boxes may help us under- 
stand what is so special about QM. 
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the first decomposition (fTOl) being the equal sum of the 8 ex- 
tremal vertices of the upper facet. By applying the coupler to 
both decompositions, using the linear action of the coupler on 
the convex sum and demanding they give the same probability 
of outputting b\ it is found that 



Appendix A: Deriving the action of the coupler on allowed states 

Here we derive the action of the coupler on any allowed box 
(see Fig. 5). Since all consistent couplers are linear functions 
of the inputs and outputs of a box IIItIi , it is sufficient here to 
consider only extremal boxes. 

Let us start with the deterministic ones. Note first that the 
output of the coupler must be consistent regardless of the tim- 
ings of Alice's and Charlie's inputs and of Bob's application 
of the coupler. That is, if Bob, after applying the coupler, 
learns from Alice and Charlie their respective inputs and out- 
puts, he should get the same result as if he learnt Alice's 
and Charlie's inputs and outputs and then applied the coupler. 
Conditioning the final probability distribution P{ab'c\xz), on 
Bob learning Alice's and Charlie's inputs and outputs, one 
has P{b' = 0\acxz) = |, when xz ^ a ^ c = 0, and 
P{b^ = 0\acxz) = otherwise. Finally we note that when 
Bob learns the four values a, c, x, z he knows that he is hold- 
ing the extremal local box P^azc^ thus the action of the coupler 
on the deterministic states is given by 



P{b' = 0\P^^{b^b2\yly2))=l. 



(12) 



P{b' 



I if aj® (3®S = 
otherwise . 



Thus upon applying the coupler directly to a PR box. Bob 
always obtains the outcome V = 0; exactly as in the quantum 
case. 

From inspection of equations (O and ([T2l) it is clear that the 
coupler outputs b' = with a probability that is proportional 
to the CH value of the box it is applied to, i.e. 

P{b' = 0\P{ab\xy)) = fCH • P{ab\xy) . (13) 

This constant of proportionality ensures that the coupler out- 
puts a valid probability when applied to any allowed box. 
Note that the inconsistency of the potential coupler presented 
in Ref. 1 17] becomes now clear, since it outputted with a prob- 
ability equal to the CH value; therefore, when applied onto the 
PR box, it gave a non-valid probability of | . Along the same 
line, it is also clear why the coupler runs into inconsisten- 
cies if we try to reintroduce the seven disallowed non-genuine 
PR boxes; for instance the anti-PR, defined by the relation 
a 6 1 = X?/ would lead to negative probabilities. 



(9) 



This again can be understood geometrically - if the local box 
is on the facet CH = 1 the coupler outputs b' = with prob- 
ability |, whilst if the box is on the facet CH = then it 
deterministically outputs V = 1. 

Next, let us find the action of the coupler on the PR box. In 
order to do this, we decompose a given probability distribution 
in two different ways. We consider the point ^^(6162 |^i^2) in 
the centre of the CH = 1 facet, half way between the PR box 
and the identity, which can be written as a convex combination 
of the extremal boxes in the following ways: 

^^=(61621^1^2) = g E Ptp^^^^mibMym) (10) 



= -(pP^(5i62|yiy2) + i(&i62|yiy2)) 



(11) 



Appendix B: Teleportation. 

When Alice-Bob share a PR box, and Bob holds a deter- 
ministic box P^p, the coupler implements the transformation 



P''\ab,\xy,)PUb2\y2) 



b'=0 



pL^(a|x), 



(14) 



Therefore the final box held by Alice (given that the joint 
measurement succeeded) is P^^(a|x) (see Fig. 6). Thus, 
Bob can teleport to Alice any single-party box PB{b\y) = 
Ea,/3^«/3^a^(^l^)' with Ea,/3^«/3 = 1, which can be seen 
by using the linearity of the coupler. Here the PR provides the 
teleportation channel, as does the maximally entangled state 
in the quantum protocol. 




PR 



X X 



a 



a 



FIG. 5: Bob applies the coupler directly to a PR box. 



FIG. 6: Teleportation with the coupler. 



